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1. Algebraic multi-spaces 


The notion of multi-spaces was introduced by Smarandache in 1969, see his 
article uploaded to arXiv [86] under his idea of hybrid mathematics: combining 
different fields into a unifying field([85|), which is more closer to our real life world. 
Today, this idea is widely accepted by the world of sciences. For mathematics, 
a definite or an exact solution under a given condition is not the only object for 
mathematician. New creation power has emerged and new era for mathematics 
has come now. Applying the Smarandache’s notion, this chapter concentrates on 
constructing various multi-spaces by algebraic structures, such as those of groups, 
rings, fields, vector spaces, ---,etc., also by metric spaces, which are more useful 
for constructing multi-voltage graphs, maps and map geometries in the following 
chapters. 


§1.1 Sets 


1.1.1. Sets 


A set © is a collection of objects with some common property P, denoted by 


= = {2|x has property P}, 


where, x is said an element of the set =, denoted by x € &. For an element y not 
possessing the property P, i.e., not an element in the set =, we denote it by y ¢ =. 
The cardinality (or the number of elements if © is finite ) of a set = is denoted 
by |=]. 
Some examples of sets are as follows. 


A= {1,2,3,4,5,6,7,8, 9, 10}: 
B= {p| pis a prime number}; 
C ={(a,y)|z? + y? = 1}; 

D = {the cities in the world}. 


The sets A and D are finite with |A| = 10 and |D| < +00, but these sets B and 
C are infinite. 


Two sets =, and = are said to be zdentical if and only if for Va € = ,, we have 
x € S» and for Vx € Ey, we also have x € =). For example, the following two sets 


EF = {1,2,-2} and F={ @ |z? — 2? —42 +4=0} 


are identical since we can solve the equation x? — x? —4x+4 = 0 and get the solutions 


x = 1,2 or —2. Similarly, for the cardinality of a set, we know the following result. 


Theorem 1.1.1(|6]) For sets =1,=2, |Ei| = |Se| af and only if there is an 1-1 
mapping between =, and =o. 


According to this theorem, we know that |B| 4 |C| although they are infinite. 
Since B is countable, i.e., there is an 1 — 1 mapping between B and the natural 
number set NV = {1,2,3,---,n,---}, however C is not. 

Let A1, Ao be two sets. If for Va € Ay > a € Ag, then A, is said to be a subset of 


A», denoted by A, C Ag. If a set has no elements, we say it an empty set, denoted 
by @. 


Definition 1.1.1 For two sets =,,=2, two operations Uand () on =), =: are defined 
as follows: 


EiUE. = alee — = 1 or xe Fo}, 
Ei{ |e = {|x € 3) and x € Eo} 
and =, minus = is defined by 
=, \ So = {ala € =, but x ¢ Eo}. 
For the sets A and EF, calculation shows that 
AUE = 1152, 23:4, 5.6, 7,8, 0; 10h 
At |B = (12% 
and 
A\. B= {3,4 5,6,7,8,9, 10}, 


E\ A={-9}. 


For a set = and H C&, the set =\ H is said the complement of H in =, denoted 
by H(E). We also abbreviate it to AH if each set considered in the situation is a 
subset of = = Q), i.e., the universal set. 

These operations defined in Definition 1.1.1 observe the following laws. 
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L1 Itempotent law. For VS CQ, 
AJA=A[)A=A. 

L2 Commutative law. For VU,V CQ, 

UVa V Our Vv =v (u. 
L3 Associative law. For VU,V,W CQ, 

UUVUW) = UUYUW; U\V IW) = (UV) lw. 

L4 Absorption law. For VU,V CQ, 

U(\UUV) =UUW AV) =v. 
L5 Distributive law. For VU,V,W CQ, 


UUM NW) =UUYNUUW); UNWUW) = UNQVynUCNW). 
L6 Universal bound law. For VU C Q, 
OCU =0,0UU =U; ANU =U,2UU =2. 
L7 Unary complement law. For WU CQ, 
UU =0; UU =2. 


A set with two operations (| and U satisfying the laws L1 ~ L7 is said to be a 
Boolean algebra. Whence, we get the following result. 


Theorem 1.1.2. For any set U, all its subsets form a Boolean algebra under the 
operations (\ and VU. 
1.1.2 Partially order sets 


For a set =, define its Cartesian product to be 


Bx = {(z,y)|Vz,y € E}. 


A subset R C= x & is called a binary relation on =. If (x,y) € R, we write rRy. 
A partially order set is a set = with a binary relation = such that the following laws 
hold. 


O1 Reflective law. For 7 € =, «Re. 


O2 Antisymmetry law. For z,y € =, cRy and yRr > 4 = y. 
O3 Transitive law. For x2,y,z € =, rRy and yRz => xRz. 


A partially order set = with a binary relation < is denoted by (=, x). Partially 
ordered sets with a finite number of elements can be conveniently represented by a 
diagram in such a way that each element in the set = is represented by a point so 
placed on the plane that a point a is above another point } if and only if b ~ a. This 
kind of diagram is essentially a directed graph (see also Chapter 2 in this book). In 
fact, a directed graph is correspondent with a partially set and vice versa. Examples 
for the partially order sets are shown in Fig.1.1 where each diagram represents a 
finite partially order set. 


1 
| 
(2) (3) (4) 


(1) 
Fig,1.1 


An element a in a partially order set (=, <) is called maximal (or minimal) if for 
Ve€ 5, anxx>x=a(orzxa>2z =a). The following result is obtained by 
the definition of partially order sets and the induction principle. 


Theorem 1.1.3 Any finite non-empty partially order set (=,<) has maximal and 
minimal elements. 


A partially order set (=, <) is an order set if for any Vx,y € =, there must be 
x~yory xz. It is obvious that any partially order set contains an order subset, 
finding this fact in Fig.1.1. 

An equivalence relation RC © X = on a set = is defined by 


R1 Reflective law. For 7 €&, «Rez. 
R2 Symmetry law. For 2,y € =, cRy > yRx 
R3 Transitive law. For v,y,z € =, «Ry and yRz => xRz. 


For a set = with an equivalence relation R, we can classify elements in = by R 
as follows: 


R(x) = {y| y € Zand yRz }. 
Then, we get the following useful result for the combinatorial enumeration. 


Theorem 1.1.4 For a finite set = with an equivalence R, Vx,y € =, if there is an 
bijection ¢ between R(x) and R(y), then the number of equivalence classes under R 
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where x is a chosen element in =. 


Proof Notice that there is an bijection ¢ between R(x) and R(y) for Vz,y € =. 
Whence, |R(x)| = |R(y)|. By definition, for Vz,y € =, R(x)M R(y) = 0 or R(x) = 
R(y). Let T be a representation set of equivalence classes, i.e., choice one element 
in each class. Then we get that 


IF] = )IR(2) 


xeET 


= |T||R(@)]. 


Whence, we know that 


alee y 


1.1.3  Neutrosophic set 


Let [0,1] be a closed interval. For three subsets T, J, F' C [0,1] and S C Q, define a 
relation of an element x € 2 with the subset S' to be 2(T, J, F’), i,e., the confidence 
set for x € S is T, the indefinite set is I and fail set is F. A set S with three 
subsets T,], F is said to be a neutrosophic set ([85]). We clarify the conception of 
neutrosophic sets by abstract set theory as follows. 

Let = be a set and Aj, Ao,---, A, C =. Define 3k muneieans Sisdous ete DY 
f2:A;— [0,1], 1<i<k, where x =T,I, F. Denote by (A;; f7, f/, f¥) the subset 
A, with three functions ft, fi, ff, 1<i<k. Then 


a) 


iC 


(Ais fr Ae. ) 


is a union of neutrosophic sets. an extremal cases for this union is in the following, 
which convince us that neutrosophic sets are a generalization of classical sets. 


Case 1 se fa F = 0 fora = 1, 2h, 
In this case, 
k 


k 
(AA atte UA 


ial i=l 


Case? -f!£ =f! =; fF =1 for t= 1,2; +k. 


In this case, 


iC > 


k 
As A AK )= [JA a: 
i=1 


Case 3 There is an integer s such that f? = 1 f/ = ff = 0,1 <i < s but 
ff =f) =0, ff =1fors+1<j<k. 


In this case, 


ae 


(A,, fi) = UAU v re 


1=1 1=s+1 


Case 4 There is an integer / such that f/ 4 1 or ff #1. 


In this case, the union is a general neutrosophic set. It can not be represented 
by abstract sets. 

If Af) B = 9, define the function value of a function f on the union set AU B to 
be 


f(AUB) = + f(B) 


and 


f(A) B) = f(A)F(B) 
‘hen if AN BF O, we get that 


f(AUB) = + f(B) — f(A)f(B). 


Generally, by applying the Inclusion-Exclusion Principle to a union of sets, we 
get the following formulae. 


§1.2 Algebraic Structures 


In this section, we recall some conceptions and results without proofs in algebra, such 
as, these groups, rings, fields, vectors ---, all of these can be viewed as a sole-space 
system. 


1.2.1. Groups 


A set G with a binary operation o, denoted by (G; 0), is called a group if royEG 
for Vz,y € G such that the following conditions hold. 


(i) (roy)oz=x0(yoz) for Vz,y,z EG; 
(ii) There is an element 1¢,lg € G such that rolg =a; 
(iii) For Va € G, there is an element y,y € G, such that roy = lg. 


A group G is abelian if the following additional condition holds. 

(iv) For Vz,yE€G,roy=you. 

A set G with a binary operation o satisfying the condition (7) is called a semi- 
group. Similarly, if it satisfies the conditions (7) and (iv), then it is called a abelian 
SEMIGrOUDp. 

Some examples of groups are as follows. 


(1) (R ;+) and (R ;-), where R is the set of real numbers. 

(2) (Up;-), where U, = {1,—1} and generally, (U,;-), where U, = fe’ ,k = 
Lok, Wks 

(3) For a finite set X, the set Sym X of all permutations on X with respect to 
permutation composition. 

The cases (1) and (2) are abelian group, but (3) is not in general. 

A subset H of a group G is said to be subgroup if H is also a group under the 
same operation in G, denoted by H < G. The following results are well-known. 


Theorem 1.2.1 A non-empty subset H of a group (G ;0) is a group if and only if 
forVz,yE€ H,xoye dH. 


Theorem 1.2.2(Lagrange theorem) For any subgroup H of a finite group G, the 
order |H| is a divisor of |G|. 


For Vx € G, denote the set {xh|Vh € H} by «H and {ha|Vh € H} by Ha. A 
subgroup H of a group (G ;°) is normal, denoted by H<G, if for Vz € G, rH = Hz. 
For two subsets A, B of a group (G ;0), define their product Ao B by 


AoB={aob| Vae A, Vbe bd}. 
For a subgroup H, H <G, it can be shown that 
(wH) 0 (yH) = (woy)H and (Hx) o (Hy) = H(x oy). 


for Vz,y € G. Whence, the operation ”o” is closed in the sets {tH|z € G} = 
{Hx|x € G}, denote this set by G/H. We know G/H is also a group by the facts 


(cH oyH)ozH =zHo (yHozH), Va,y,z€G 


and 


(2H) oH oH, (GH) ee?) =H. 
For two groups G,G’, let o be a mapping from G to G’. If 


a(xoy) =o(x) oaly), 


for Vz,y € G, then call ¢ a homomorphism from G to G’. The image Imo and the 
kernel Kero of a homomorphism o : G — G’ are defined as follows: 


ino =G? = falx)| Vee G. } 


Kero = {z| Vz € G, o(4) =1q@ }. 


A one to one homomorphism is called a monomorphism and an onto homomor- 
phism an epimorphism. A homomorphism is called a bijection if it is one to one 
and onto. Two groups G,G’ are said to be isomorphic if there exists a bijective 
homomorphism o between them, denoted by G & G’. 


Theorem 1.2.3 Leta:G-—G’' be a homomorphism of group. Then 


(G,0)/Kero = Imo. 


1.2.2. Rings 


A set R with two binary operations + and o, denoted by (R ;+,0), is said to be a 
ringifxa+yER,xoy € R for Vz,y € R such that the following conditions hold. 


(i) (R;+) is an abelian group; 
(ii) (R;0) is a semigroup; 
(iii) For Vz,y,z€ R,vo(y+z)=xoyt+azozand (r#+y)oz=xrozt+yog. 


Some examples of rings are as follows. 


(1) (2 ;+,-), where Z is the set of integers. 

(2) (pZ ;+,-), where p is a prime number and pZ = {pn|n € Z}. 

(3) (M,(Z) ;+,-), where M,,(Z) is a set of n x n matrices with each entry 
being an integer, n > 2. 


For a ring (R ;+,0), if roy = you for Vz,y € R, then it is called a commutative 
ring. The examples of (1) and (2) are commutative, but (3) is not. 

If R contains an element 1p such that for Vz € R, rolp = lrox = 2, we call 
Ra ring with unit. All of these examples of rings in the above are rings with unit. 
For (1), the unit is 1, (2) is Z and (3) is Inxn. 

The unit of (R ;+) in aring (R;+4, 0°) is called zero, denoted by 0. For Va,b € R, 
if 
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aob- =U, 


then a and b are called divisors of zero. In some rings, such as the (Z ;+,-) and 
(pZ ;+,-), there must be a or b be 0. We call it only has a trivial divisor of zero. 
But in the ring (pqgZ ;+,-) with p,q both being prime, since 


pZ- qZ = 0 


and pZ #0, qZ #0, we get non-zero divisors of zero, which is called to have non- 
trivial divisors of zero. The ring (M,,(Z);+,-) also has non-trivial divisors of zero, 
since 


1-4 1 0 0 0 
0 0 0 0 0 0 

. . = Ors 
0 0 0 1 1 1 


A division ring is a ring which has no non-trivial divisors of zero and an integral 
domain is a commutative ring having no non-trivial divisors of zero. 

A body is a ring (R ;+,0) with a unit, |R| > 2 and (R \ {0}; 0) is a group and 
a field is a commutative body. The examples (1) and (2) of rings are fields. The 
following result is well-known. 


Theorem 1.2.4 Any finite integral domain is a field. 


A non-empty subset R’ of a ring (R ;+, 0) is called a subring if (R’ ;+,0) is also 
aring. The following result for subrings can be obtained immediately by definition. 


Theorem 1.2.5 Fora subset R' of a ring (R ;+4+,0), if 
(i) (R’ ;+) is a subgroup of (R ;+), 
(ii) R’ is closed under the operation o, 

then (R' ;+,0) is a subring of (R ,+.0). 


An ideal I of a ring (R ;+,°) is a non-void subset of R with properties: 
(i) (I ;+) is a subgroup of (R ; +); 

(it) aox€landxzoae€l for Vac l,Vre R. 

Let (R ;+,°) be aring. A chain 


R>R>-:-->R = {10} 


satisfying that Rj1, is an ideal of R; for any integer 7,1 <i < 1, is called an ideal 
chain of (R ,+,0°). A ring whose every ideal chain only has finite terms is called an 
Artin ring. Similar to normal subgroups, consider the set «+J in the group (R; +). 
Calculation shows that R/I = {x + 1| x € R} is also a ring under these operations 
+ and o. Call it a quotient ring of R to I. 


Ld 


For two rings (R ;+,0), (R’;x,e), let 1 be a mapping from R to R’. If 
u(x + y) = v(x) * o(y), 


u(x oy) = u(x) @ u(y), 
for Vz,y € R, then z is called a homomorphism from (R ;+,0) to (R’; *,e). Similar 
to Theorem 2.3, we know that 


Theorem 1.2.6 Lett: R — R' be a homomorphism from (R ;+,0) to (R’ ;x*,e). 
Then 


(R ;+,0)/Kere = Ime. 


1.2.3 Vector spaces 


A vector space or linear space consists of the following: 

(i) a field F’ of scalars; 

(ii) a set V of objects, called vectors; 

(iii) an operation, called vector addition, which associates with each pair of 
vectors a,b in V a vector a+ b in V, called the sum of a and b, in such a way that 

(1) addition is commutative, a+ b=b+a; 

(2) addition is associative, (a+ b)+c=a+(b+c); 

(3) there is a unique vector 0 in V, called the zero vector, such thata+O=a 
for all a in V; 

(4) for each vector a in Vthere is a unique vector —a in V such that a+ (—a) = 0; 

(iv) an operation -, called scalar multiplication, which associates with each scalar 
k in F and a vector a in V a vector k-a in V, called the product of k with a, in 
such a way that 

(1) 1-a=a for every a in V; 

(2) (ki ka) ‘a= ki (ke : a); 

(3) k- (a+b) =k-a+k-b; 

(4) (ki +ko)-a=ky-at+k-a. 
We say that V is a vector space over the field F, denoted by (V ;4,-). 

Some examples of vector spaces are as follows. 

(1) The n-tuple space R” over the real number field R. Let V be the set of 
all n-tuples (41, 2%2,--:,%n) with a € R,1 <i <n. If Va = (21,20,---,2n), 
b = (y1, Y2,°°*; Yn) € V, then the sum of a and b is defined by 


a+b (x1 + yf, 2+ Yo,°++5 En + Yn). 
The product of a real number k& with a is defined by 


ka = (kay, kae,---, ktn). 
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(2) The space Q™*”" of m x n matrices over the rational number field Q. Let 
Q”*”" be the set of all m x n matrices over the natural number field Q. The sum of 
two vectors A and B in Q™*” is defined by 

(A + Bs = Ai; age ere 


and the product of a rational number p with a matrix A is defined by 


(pA) ig = pAiy. 
A subspace W of a vector space V is a subset W of V which is itself a vector 


space over F’ with the operations of vector addition and scalar multiplication on V. 
The following result for subspaces is known in references [6] and [33]. 


Theorem 1.2.7 A non-empty subset W of a vector space (V ;+,-) over the field F 
is a subspace of (V ;+4+,-) if and only if for each pair of vectors a,b in W and each 
scalar k in F the vectork-a+b is also in W. 


Therefore, the intersection of two subspaces of a vector space V is still a subspace 
of V. Let U be a set of some vectors in a vector space V over F’. The subspace 
spanned by U is defined by 


(U) ={k,-aythko-agt-:-th-a|l>1,k € F, anda; €S,1<i<l}. 


A subset W of V is said to be linearly dependent if there exist distinct vectors 
a1, @2,°°*,a, in W and scalars ky, ko,---,k, in F’, not all of which are 0, such that 
ky-aytko-ag+---+ky- an = 0. 


For a vector space V, its basis is a linearly independent set of vectors in V which 
spans the space V. Call a space V finite-dimensional if it has a finite basis. Denoted 
by dimV the number of elements in a basis of V. 

For two subspaces U,W of a space V, the sum of subspaces U, W is defined by 


U+W={u+w|ucvu, wew }. 
Then, we have results in the following ([6][33]). 


Theorem 1.2.8 Any finite-dimensional vector space V over a field F is isomorphic 
to one and only one space F”, where n = dimV. 


Theorem 1.2.9 If W, and W are finite-dimensional subspaces of a vector space 
V, then W, + Wa ts finite-dimensional and 
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§1.3 Algebraic Multi-Spaces 


The notion of a multi-space was introduced by Smarandache in 1969 ([{86]). Al- 
gebraic multi-spaces had be researched in references [58] — [61] and [103]. Vas- 
antha Kandasamy researched various bispaces in [101], such as those of bigroups, 
bisemigroups, biquasigroups, biloops, bigroupoids, birings, bisemirings, bivectors, 
bisemivectors, bilnear-rings, ---, etc., considered two operation systems on two dif- 
ferent sets. 


1.3.1. Algebraic multi-spaces 


Definition 1.3.1 For any integers n,i, n > 2 and1 <i<n, let A; be a set with 
ensemble of law L;, and the intersection of k sets Aj,, Ai,,-++, Ai, of them constrains 
the law I(Aj;,, Ain,---, Ai,). Then the union A 


is called a multi-space. 

Notice that in this definition, each law may be contain more than one binary 
operation. For a binary operation x, if there exists an element 14 (or 1%.) such that 
Exe S00r- a el Sa 
for Va € Aj,1 <i <n, then 14 (1%) is called a left (right) unit. If 1% and 1%. exist 

simultaneously, then there must be 
Si xe 1 Sy. 
Call 1, a unit of Aj. 


Remark 1.3.1 In Definition 1.3.1, the following three cases are permitted: 


(i) Ay = Ag =--- = An, ie., n laws on one set. 
(it) Ly = Lg =---= Ly, ie., n set with one law 
(iii) there exist integers 51, 59,---,s; such that I(s;) = 0,1 <j <1, ie., some 


laws on the intersections may be not existed. 


We give some examples for Definition 1.3.1. 


Example 1.3.1 Take n disjoint two by two cyclic groups Cy, C2,---,Cn, n > 2 


with 
Cy = ((a) 5 +1), Co = ((8) 5 +2),°°+, Cn = (CC) 5 +n). 
Where +1, +2,°--,+n are n binary operations. Then their union 
C= \G, 
i=l 


is a multi-space with the empty intersection laws. In this multi-space, for Vz, y € C, 
if x,y € Cy, for some integer k, then we know x+,y € Cy. But ifx EC., ye C; 
and s #t, then we do not know which binary operation between them and what is 
the resulting element corresponds to them. 

A general multi-space of this kind is constructed by choosing n algebraic systems 
Aj, Ag,:++, An satisfying that 


for any integers i, 7,7 4 j, 1 < i,j <n, where O(A;) denotes the binary operation 
set in A;. Then 


with O(A) = U O(A;) is a multi-space. This kind of multi-spaces can be seen as a 
i=1 


model of spaces with a empty intersection. 


Example 1.3.2. Let (G ;0) be a group with a binary operation o. Choose n 
different elements hy, h2,---,hn, n > 2 and make the extension of the group (G ; 0) 
by hy, ho,---, hn respectively as follows: 

(GU{hi}; x1), where the binary operation x; = o for elements in G, otherwise, 
new operation; 

(GUt{h2}; x2), where the binary operation x2 = o for elements in G,, otherwise, 
new operation; 

(GU{hn}; Xn), where the binary operation x, = 0 for elements in G, otherwise, 
new operation. 


Define 
G= U(GUtrd: x). 
i=1 
Then G is a multi-space with binary operations x1, X2,--+, Xn. In this multi-space, 


for Vz,y € G, unless the exception cases x = h;,y = h; andi # j, we know the 
binary operation between x and y and the resulting element by them. 

For n = 3, this multi-space can be shown as in Fig.1.2, in where the central circle 
represents the group G and each angle field the extension of G. Whence, we call 
this kind of multi-space a fan multi-space. 
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Fig, 1.2 


Similarly, we can also use a ring R to get fan multi-spaces. For example, let 
(R ;+,0) be a ring and let r1,7r2,---,r; be two by two different elements. Make 


these extensions of (R ;+,0) by 71,72,---,17s respectively as follows: 

(RU{ri}; +1, <1), where binary operations +; =+, x,=o0 for elements in R, 
otherwise, new operation; 

(RU{r2}; +2, <2), where binary operations +; =+, x2 =o for elements in R, 


otherwise, new operation; 
(RU{rs};+s, Xs), where binary operations +,=+, x, =o for elements in R, 
otherwise, new operation. 
Define 


he URUt}: +j, Xj). 


Then R is a fan multi-space with ring-like structure. Also we can define a fan 
multi-space with field-like, vector-like, semigroup-like,---, etc. structures. 

These multi-spaces constructed in Examples 1.3.1 and 1.3.2 are not completed, 
i.e., there exist some elements in this space not have binary operation between 
them. In algebra, we wish to construct a completed multi-space, i.e., there is a 
binary operation between any two elements at least and their resulting is still in this 
space. The following example is a completed multi-space constructed by applying 
Latin squares in the combinatorial design. 


Example 1.3.3 Let S be a finite set with |S] =n > 2. Constructing an n x n Latin 
square by elements in S, i.e., every element just appears one time on its each row 


and each column. Now choose k Latin squares M1, Mo,---, Mz, k < [I s!. 
s=1 


By a result in the reference [83], there are at least J] s! distinct n x n Latin 


s=1 
squares. Whence, we can always choose M,, Ms,---, M;, distinct two by two. For a 
Latin square M;,1 <i <k, define an operation x,as follows: 


xXqt (s, f) EeSxS— (Mj) s5- 
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The case of n = 3 is explained in the following. Here S = {1, 2,3} and there are 
2 Latin squares L 1, Lz as follows: 


ip 2038 1) O73 
ra eae ae Se ee aie eo 
a 8: ah 


Therefore, by the Latin square L,, we get an operation x ,as in table 1.3.1. 


table, 1.3.1 


and by the Latin square L2, we also get an operation x2 as in table 1.3.2. 


table, 1.3.2 
For Vz, y,z € S and two operations x; and x,, 1 < i,j < k, define 


DRY X52 (EXSY) XG 2: 
For example, in the case n = 3, we know that 


1x) 2 X33 = (1x9) X93 =2X%93=2,; 


and 


2X18 Ko 2 = (2 ey Bb) KG 2 = 15 3 8: 


Whence S' is a completed multi-space with k operations. 
The following example is also a completed multi-space constructed by an alge- 
braic system. 


Example 1.3.4 For constructing a completed multi-space, let (S ; 0) be an algebraic 
system, ie., aob € S for Va,b € S. Whence, we can take C,C' C S being a cyclic 
group. Now consider a partition of S 


S= UG 
k=1 
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with m > 2 such that G;.G; = C for Vt,j,1 <i,j7 <m. 
For an integer k,l < k < m, assume Gy = {9x1,9x2°°*; Gri}. We define an 
operation x,on G;, as follows, which enables (G;; xx) to be a cyclic group. 


Gk Xk Gki = Gk2; 


Gk2 Xk Gk = Gk3, 


Gk(l-1) Xk Gki = Ykl; 


and 


Gkl) Xk Gki = Qk1- 


Then S = U Gx is a completed multi-space with m+ 1 operations. 


k= 
The approach used in Example 1.3.4 enables us to construct a complete multi- 
spaces A = U with k operations for k > n+1, i.e., the intersection law I(A1, A2,---,An) F 


0. 


Definition 1.3.2 A mapping f on a set X is called faithful if f(x) = x forVx EX, 
then f =1x, the unit mapping on X fixing each element in X. 


Notice that if f is faithful and f;(x) = f(x) for Vr € X, then f;'f = 1x, ie., 
fh=f. 7 
For each operation x and a chosen element g in a subspace A;, A; C A,1l <i<n, 
there is a left-mapping i : A; — A; defined by 
fg agXa, a € Aj. 


Similarly, we can also define the right-mapping fj. 
We adopt the following convention for multi-spaces in this book. 


Convention 1.3.1 Each operation xin a subset A;, A; C Al <i<nis faithful, 
i.e., forVg € Aico: 97 f) ( ort: 9 — fi ) is faithful. 


Define the kernel Kerc of a mapping ¢ by 


Kers = {g|g € A; and ¢(g) = 1u,}. 


Then Convention 1.3.1 is equivalent to the next convention. 


Convention 1.3.2 For each¢:g — ie ( orc: g — ff ) induced by an operation 
x has kernel 
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Kers = {103 
if 10 exists. Otherwise, Kers = 0. 


We have the following results for multi-spaces A. 


Theorem 1.3.1 For a multi-space A and an operation x, the left unit 1". and right 
unit 1% are unique if they exist. 


Proof If there are two left units 1!.,/! in a subset A; of a multi-space A, then 


for Va € A;, their induced left-mappings i and fh satisfy 
fie XeSe 
and 
here Ce) eal bene Cera 
Therefore, we get that fh = fi . Since the mappings q : 12 — fi and 
co: I, fi, are faithful, we know that 
ieee) bee 
Similarly, we can also prove that the right unit 1% is also unique. h 
For two elements a,b of a multi-space A, if a x b = 14, then b is called a left- 


inverse of a. If ax b = 1%, then a is called a right-inverse of b. Certainly, if 
ax b=1,, then a is called an inverse of b and b an inverse of a. 


Theorem 1.3.2 For a multi-space A, a€éA, the left-inverse and right-inverse of a 
are unique if they exist. 


Proof Notice that kg: 2 — az is faithful, ic., Keres = {14} for 14 existing now. 
If there exist two left-inverses b;, b2 in A such that a x b; = Le and a X by = ito 
then we know that 


by ard by = ee 
Similarly, we can also prove that the right-inverse of a is also unique. L 


Corollary 1.3.1 If x is an operation of a multi-space A with unit 1,, then the 
equation 


axx=b 


has at most one solution for the indeterminate x. 


19 


Proof According to Theorem 1.3.2, we know there is at most one left-inverse a, 
of a such that a; x a = 1,,. Whence, we know that 


at=ayxaxx=a,xb. h 


We also get a consequence for solutions of an equation in a multi-space by this 
result. 


Corollary 1.3.2 Let A be a multi-space with a operation set O(A). Then the 
equation 


aogr=b 
has at most o(A) solutions, where ois any binary operation of A. 


Two multi-spaces as Ap are said to be isomorphic if there is a one to one mapping 
¢ : Ay — Ap such that for Vx, y € A; with binary operation x, ¢(x), ¢(y) in Az with 
binary operation o satisfying the following condition 


C(x x y) = C(x) 0 C(y). 
If Ai = A> = A: then an isomorphism between Ai and As is called an automorphism 
of A. All automorphisms of A form a group under the composition operation between 
mappings, denoted by Aut A. 

Notice that AutZ, = Z*, where Z* is the group of reduced residue class modn 
under the multiply operation ( [108] ). It is known that |AutZ,,| = y(n), where y(n) 
is the Euler function. We know the automorphism group of the multi-space C’ in 
Example 1.3.1 is 


AntC = 5,175). 


Whence, |AutC| = y(n)"n!. For Example 1.3.3, determining its automorphism 
group is a more interesting problem for the combinatorial design ( see also the final 
section in this chapter). 


1.3.2 Multi-Groups 


The conception of multi-groups is a generalization of classical algebraic structures, 
such as those of groups, fields, bodies, ---, etc., which is defined in the following 
definition. 


Definition 1.3.3. Let G = U G; be a complete multi-space with an operation set 
i=1 


O(G) = {x;,,1 <i <n}. If (Gi xj) is a group for any integer i,1 <i <n and 
for Vx,y,z € G andVx,0€ O(G), x #0, there is one operation, for example the 
operation x satisfying the distribution law to the operation oprovided all of these 
operating results exist , 7.e., 
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xX (yoz) = (x x y)o (x x 2), 


Gor) Xa = (sn) o Gx), 
then G is called a multi-group. 
Remark 1.3.2 The following special cases for n = 2 convince us that multi-groups 
are a generalization of groups, fields and bodies, - --, etc.. 
(i) If Gy =G2= C then G is a body. 7 
(ii) If (Gi; x1) and (G2; x2) are commutative groups, then G is a field. 


For a multi-group G and a subset en Cc CG if Gi is also a multi-group under a 
subset O(G1),O(G1) C O(G), then G; is called a sub-multi-group of G, denoted by 
G, x G. We get a criterion for sub-multi-groups in the following. 


Theorem 1.3.3 For a multi-group G = U G; with an operation set O(G) = {x;,|1 < 


i<n}, a subset (ee G is a see ae of G if and only if (Gy Gz; Xp) is a 
subgroup of (Gr; Xp) or Gi G, = 0 for any integer k,1<k <n. 

Proof If Ge as multi-group with an operation set OG ={x,|l<j7<s}C 
O(G), then 


G@ =UGNG) =UG, 
i=1 j=l 


where Gi, x Gj, and (Gj,; x;,) is a group. Whence, if en aren # (), then there exist 
an integer l,k = i, such that Gi(/G, = Giles, Kenater x;,) is a subgroup of 
(Gr; oi): _ _ 

Now if (Gi (Gx; Xx) is a subgroup of (Gx; x4) or Gi Gy, = O for any integer k, 
let N denote the index set k with Gi (\G;, 4 0, then 


Gi = UGG) 


jen 
and (Gi (\G;, x;) is a group. Since Gy C G, O(Gi) C O(G), the associative law and 
distribute law are true for the G;. Therefore, G, is a sub-multi-group of G. h 


For finite sub-multi-groups, we get a criterion as in the following. 


Theorem 1.3.4 Let G be a finite multi-group with an operation set O(G) = {xiJ1< 
i pe A subset Gy of G is a sub-multi-group under an operation subset O(G1) 
O(G) if and only if (Giex ) is complete for each operation x in OG, ). 


Proof Notice that for a multi-group G, its each sub-multi-group Cis complete. 
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_ Now if G, is a complete set under each operation x; in O(G)), we know that 
(Gi (Gi; x;) is a group or an empty set. Whence, we get that 


Gy = U (Gi (1 Gi). 
i=1 
Therefore, Gy is a sub-multi-group of G under the operation set O(G). h 
For a sub-multi-group H of a multi-group G, g € G, define 
gH = {g x h|h € H, x € O(H)}. 
Then for Vx, y € C. 


tH(\yH =0 or «H = yH. 


In fact, if cH N\yH #(), let z€ «tH (\yH, then there exist elements hy, h2 € H and 
operations x; and x; such that 


Z=2Xihy=y X; he. 


Since H isa sub-multi-group, (H ()G;; x;) is a subgroup. Whence, there exists 
an inverse element hj‘ in (H(\G;; x;). We get that 


x x; hy Saha =Y Xj he Me hia 


lees 
L=Y Xj; hy She 

Whence, 

tH Cc yH : 

Similarly, we can also get that 

tH 2) yH ; 
Thereafter, we get that 

tH = yH. 


Denote the union of two set A and B by A@ B if AQ) B = @. Then the following 
result is implied in the previous proof. 


Theorem 1.3.5 For any sub-multi-group H of a multi-group G, there is a repre- 
sentation set T, T CG, such that 


G= Doll. 


xceT 


Ze 


For the case of finite groups, since there is only one binary operation x and 
|cH| = |yH| for any x,y € G, We get a consequence in the following, which is just 
the Lagrange theorem for finite groups. 


Corollary 1.3.3(Lagrange theorem) For any finite group G, if H is a subgroup of 
G, then |H| is a divisor of |G. 


For a multi-group G and g € G, denote all the binary operations associative with 
—————_> ~ 
g by O(g) and the elements associative with the binary operation x by G(x). For 
a sub-multi-group H of G, x € O(A), if 
exh oe H, 


for Vh € H and Vg € G(x), then we call H a normal sub-multi-group of G, denoted 
by H <G. If H is a normal sub- multi-group of G, similar to the normal subgroups 
of groups, it can be shown that g x H = H x g, where g € G(x (x). Thereby we get a 
result as in the following. 


Theorem 1.3.6 Let G = U G; be a multi-group with an operation set O(G) = 
i=l 


{xi|l <i<n}. Then a sub-multi-group H of G is normal if and only if (HN Gi; Xi) 
is a normal subgroup of (Gi; x;) or H(\\G; = 0 for any integer i, 1 <i<n. 


Proof We have known that 


H= VAG». 
i=1 
If (AN G;; X;) is a normal subgroup of (G;; x;) for any integer 7,1 <i <n, then 
we know that 
g Xi (H()G:) xg = A(\G; 
for Vg € Gj, 1 <i<n. Whence, 
goHog'=H 
one eis 
for Vo € O(H H) and Vg € G(o). That is, H is a normal sub-multi-group of G. 
Now if AH is a normal sub-multi-group of (es by definition we know that 
goHog =H 
for Vo € O(H) and Vg € G(o). Not loss of generality, we assume that o = x,, then 


we get 


g Xk (H()\Gx) Xk go = H()G. 
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Therefore, (HONG; x,) is a normal subgroup of (Gz, x;). Since the operation o is 
chosen arbitrarily, we know that (H (|G; x;) is a normal subgroup of (G;; x;) or an 
empty set for any integer 7, 1 <i <n. h 

For a multi-group G with an operation set O(G) = {x;| 1 <i <n}, an order of 
operations in O(G) is said to be an oriented operation sequence, denoted by O G):; 
For example, if O(G) = {x1, x2x3}, then x; + X2 > X3 is an oriented operation 
sequence and X2 > X 1 > X3 is also an oriented operation sequence. 

For a given oriented operation sequence O (G), we construct a series of normal 
sub-multi-group 

GoGi>Goo---> Gm = {1x,,} 

by the following programming. 


STEP 1: Construct a series 
GEGybhGisren Gy 
under the operation xX. 
STEP 2: If a series 
Gay > Gra > Gio D---b Gat, 
has be constructed under the operation x, and Gat # {1x,,}, then construct a series 


Get > Gas b Goss Dene Gettin 


under the operation X41. 
This programming is terminated until the series 


Gon) > Gni > Cy Dees D Ga. = { Lee 


has be constructed under the operation Xn. 
The number ™m is called the length of the series of normal sub-multi-groups. Call 
a series of normal sub-multi-group 


Co GieGs bes Gea tit 


maximal if there exists a normal sub-multi-group H for any integer k,s,1<k < 
n,l<s <i, such that 


Gs > Hp Geist); 


then H = Gia or H = Ge(o4t)- For a maximal series of finite normal sub-multi- 
group, we get a result as in the following. 
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Theorem 1.3.7 For a finite multi-group G = U G; and an oriented operation 


sequence OG), the length of the maximal series of normal sub-multi-group in G is 
a constant, only dependent on G itself. 


Proof The proof is by the induction principle on the integer n. 

For n = 1, the maximal series of normal sub-multi-groups of G is just a com- 
position series of a finite group. By the Jordan-Hélder theorem (see [73] or [107]), 
we know the length of a composition series is a constant, only dependent on G. 
Whence, the assertion is true in the case of n = 1. 

Assume that the assertion is true for all cases of n < k. We prove it is also true 
in the case of i k +1. Not loss of ae assume the order of those binary 
operations in 0(G) being xX; > X2 > -:: > X, and the composition series of the 
group (Gj, <1) being 


Gi > Gop---> G, = {1x}. 


By the Jordan-Holder theorem, we know the length of this composition series 
is a constant, dependent only on (G1; x;). According to Theorem 3.6, we know 
a maximal series of normal sub-multi-groups of G gotten by STEP 1 under the 
operation x, is 


Gb G\ (Gi \ G2)> G\ (Gi\ Gs) >> G\ (Gi \ (La). 


Notice that G\(G,\{1,., }) is still a multi-group with less or equal to k operations. 
By the induction assumption, we know the length of the maximal series of normal 
sub-multi-groups in G \ (G, \ {1,,}) is a constant only dependent on G \ (G \ 
{1x,}). Therefore, the length of a maximal series of normal sub-multi-groups is also 
a constant, only dependent on G. 

Applying the induction principle, we know that the length of a maximal s series 
of normal sub-multi-groups of G is a constant under an oriented operations Oo (G), 
only dependent on G itself. h 

As a special case of Theorem 1.3.7, we get a consequence in the following. 


Corollary 1.3.4(Jordan-Hélder theorem) For a finite group G, the length of its 
composition series is a constant, only dependent on G. 


Certainly, we can also find other characteristics for multi-groups similar to group 
theory, such as those to establish the decomposition theory for multi-groups similar 
to the decomposition theory of abelian groups, to characterize finite generated multi- 
groups, ---, etc.. More observations can be seen in the finial section of this chapter. 


1.3.3 Multi-Rings 


Definition 1.3.4 Let R= U R; be a complete multi-space with a double operation 


i=l 
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set O(R) = {(4;,x;),1 < i < m}. If for any integers i,j, i # j,1 <i,j9 <m, 
(Ri; +i, X;) is a ring and 


(ctiy)tjz=ati(yty2), (@ xiy) xj z= 2 Xi (y x; 2) 
for Vaz,y,z€ R and 


ex (yt 2) =oxpytjse Xz, (yt 2) Xiv=yXiet+;2Xi2 


if all of these operating results exist, then R is called a multi-ring. If (R; +3, X;) ts 
a field for any integer 1 <i<m, then R is called a multi-field. 


For a multi-ring R = U R,, let S C Rand O(S) C O(R), if S is also a multi-ring 
i=1 


with a double operation set O(S) , then we call S a sub-multi-ring of R. We get a 
criterion for sub-multi-rings in the following. 


Theorem 1.3.8 For a multi-ring R = U R;, a subset S C R with O(S) C O(R) is 
i=l 

a sub-multi-ring of R if and only if (S11 Re; +k; Xx) ts a subring of (Re; +k, Xk) or 

SQ) Rp = for any integer k,1<k<m. 

Proof For any integer k, 1 < k <m, if (SN Ry; +k, X~) is a subring of (Ry; +2, Xz) 
or SOR, = 0, then since S= U (SNR; ), we know that Sisa sub-multi-ring by 
the definition of a sub- multi-ring. 

Now if S = i S;, is a sub-multi-ring of R with a double operation set O(.S) = 


(Chis <= ; < s}, then (S;,;+4,, Xi,) is a subring of (Rj,;+i,, X:;). Therefore, 
Si = RNs for any integer 7,1 < j < s. But SAS, = O@ for other integer 
ledel<rem) Viel <7 ss}. 4 

Applying these criterions for subrings of a ring, we get a result in the following. 


Theorem 1.3.9 For a multi-ring R = U R;, a subset SC R with O(S) C O(R) is 
i=l 


a sub-multi-ring of R if and only if (SAR; +;) ~ (Ry; +;) and (S; x;) is complete 
for any double operation (+ ;, xj) € O(S). 


Proof According to Theorem 1.3.8, we know that S is a sub-multi-ring if and 
only if (SN Ri +i, x;) is a subring of (R,;;+;, x;) or SAR; = 0 for any integer 
i,1<%a<m. By a well known criterion for subrings of a ring (see also [73]), we know 
that (SQ Ri; +i, X;) is a subring of (Rj; +:, x;) if and only if (S$Q.Rj;+;) ~ (Ry; +;) 
and (S; x;) is a complete set for any double operation (+,, xj) € O(S). This 
completes the proof. h 

We use multi-ideal chains of a multi-ring to characteristic its structure properties. 


A multi-ideal I of a multi-ring R = U R; with a double operation set O(R) is a 
i=l 


sub-multi-ring of R satisfying the following conditions: 
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(i) I is a sub-multi- -group with an operation set {+] (+, x) € OU I)}; 
(ii) for any r € R,a ET and (+,x) € O(), rxae€Tandaxr €/ if all of 
these operating results exist. 


Theorem 1.3.10 A subset I with O(I),O(1) Cc O(R) of a multi-ring R = U sae 


with a double operation set O(R) = {(+:, x;)| 1 <i < m} is a multi-ideal if aiid onli 
if (IN Ri, +i, Xi) is an ideal of the ring (R;, +i, X;) or INR; = 0 for any integer 
1,1<i<m. 

Proof By the definition of a multi-ideal, the necessity of these conditions is 
obvious. _ 7 

For the sufficiency, denote by R(+, x) the set of elements in R with binary oper- 
ations + and x. If there exists an integer 7 such that Tn R,# and cn Ri, +i, Xi) 
is an ideal of (R;,+;, x;), then for Va € In R;, Vr; © R;, we know that 


re xia eI) Ry axir, El()R. 
Notice that R(+;, x;) = R;. Thereafter, we get that 


rx,ael(\R and axi;rel()Ri, 


for Vr € R if all of these operating results exist. Whence, I is a multi-ideal of R. 


: 


A multi-ideal [ of a multi-ring R is said to be maximal if for any multi-ideal 1’, 
RDI! DT implies that / = R or I’ = I. For an order of the double Egerton 


in the set O(R) of a multi-ring R = UJ R;, not loss of generality, let the order be 
i=1 


(+1, X1) > (42, X2) & +: & (4m: Xm), we can define a multi-ideal chain of R by 
the following programming. 


(i) Construct a multi-ideal chain 


R Ry 3 Beis Drees > Ris, 


under the double operation (+1, x;), where Ru is a maximal multi-ideal of R and 
in general, Ry (i41) IS a Maximal multi-ideal of Ry; for any integer i, 1<i<m-1l. 
(iz) If a multi-ideal chain 


R > Ry > Rye Drees > Rig Ds et > Rix Dre s > Rig 


has been constructed for (+1, X1) > (+2, X2) > +++ > (4a, Xi), LS it < m—1, then 
construct a multi-ideal chain of R;,, 


Pg.) Row =) Ruane eDists ) Rosa 
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under the double operation (+;41, Xi41), where Rosy is a maximal multi-ideal of 
Re. and in general, Reser is a maximal multi-ideal of Rosy; for any integer 
j, 1 <j <s;—1. Define a multi-ideal chain of R under (+1, X1) > (49, Xa) hee 
(+141, X41) to be 


R aly D2 8 Rs. Den Ry Dee Rs > Rasy D-*- D Rests: 


Similar to multi-groups, we get a result for multi-ideal chains of a multi-ring in 
the following. 


Theorem 1.3.11 For a multi-ring R= U R;, its multi-ideal chain only has finite 


i=1 
terms if and only if the ideal chain of the ring (Ri; +:, <;) has finite terms, t.e., each 
ring (Ri; +i, Xi) is an Artin ring for any integer i,1<i<m. 


Proof Let the order of these double operations in O(R) be 


(+1, X1) > (He, Xe) & + & (4m, Xm) 


and let a maximal ideal chain in the ring (Rj; +1, x1) be 


hy = Ay ee Se Ags 


Calculate 


Ru =R\{Ri\Ru} =Ru UU Ri), 


1=2 
Rig = Ru \ {Ri \ Ryo} = Ry UU Ri), 
4=2 
Ri = Ri \ {Ragy—y \ Ria} = Raa UCU 2). 
4=2 


According to Theorem 1.3.10, we know that 


R SA Ris Dns Ras 


is a maximal multi-ideal chain of R under the double operation (+1, x1). In general, 
for any integer 7,1 <7 <m-—1, assume 


pm hy es > 


is a maximal ideal chain in the ring (R@_—1),_,3 +i, Xi). Calculate 
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Rin = Rix UC U Rix (Ri). 


j=it1 
Then we know that 


Ru 1)ti1 Ra y} Rig Je) Rit, 

is a maximal multi-ideal chain of Ro-aty_1 under the double operation (+;, x;) by 
Theorem 3.10. Whence, if the ideal chain of the ring (R;;+;:, x;) has finite terms 
for any integer 7,1 <2 < m, then the multi-ideal chain of the multi-ring R only 
has finite terms. Now if there exists an integer 7) such that the ideal chain of the 
ring (Rij, +i, Xi) has infinite terms, then there must also be infinite terms in a 
multi-ideal chain of the multi-ring R. L. 

A multi-ring is called an Artin multi-ring if its each multi-ideal chain only has 
finite terms. We get a consequence by Theorem 1.3.11. 


Corollary 1.3.5 A multi-ring R = U R; with a double operation set O(R) = 
i=l 


{(+:, X:)| 1 < i < m} ts an Artin multi-ring if and only if the ring (Ri; +:, Xi) 
is an Artin ring for any integer 1,1 <i<m. 


For a multi-ring R = U R, with a double operation set O(R) = {(+;, x;)| 1 < 
i=l 
i < mb}, an element e is an idempotent element if e2, = e x e = e for a double binary 
operation (+, x) € O(R). We define the directed sum I of two multi-ideals I, and 
Ty as follows: 
(i) l= Ub; oo 
(it) Qo = {0}, or 1, Ig = 0, where 0, denotes an unit element under the 


operation +. 7 > 
Denote the directed sum of J, and Ip by 


‘A = i ae i 
Iff=1@h for any Tptls implies that T, =T or ly = T, then T is called non- 
reducible. We get the following result for Artin multi-rings similar to a well-known 
result for Artin rings (see [107] for details). 


Theorem 1.3.12. Any Artin multi-ring R = UJ R; with a double operation set 
i=1 


O(R) = {(+:, x;)| 1 <i <_m} is a directed sum of finite non-reducible multi-ideals, 
and if (Ri; +i, x;) has unit 1, for any integer i, 1 <i<m, then 


Si 


R= DOR: Xpey) Uleij x; Ri), 


— 


j=l 


BR 


4) 


where e;;,1 <j <8; are orthogonal idempotent elements of the ring R;. 
j 


Proof Denote by M the set of multi-ideals which can not be represented by 
a directed sum of finite multi-ideals in R. According to Theorem 3.11, there is a 
minimal multi-ideal Ij in M. It is obvious that Iyis reducible. 

Assume that hh = = is + Ts. Then i ¢ M and Ts ¢ M. Therefore, is and is 
can be represented by a directed sum of finite multi-ideals. Thereby Ip can be also 
represented by a directed sum of finite multi-ideals. Contradicts that Ip € M. 

Now let 


R=QOiI, 


where each Ee 1<i<sis non-reducible. Notice that for a double operation (+, x), 
each non-reducible multi-ideal of R has the form 


(e x R(x)) (R(x) xe), e € R(x). 
Whence, we know that there is a set TC R such that 


R= @_ (ex R(x))U(R(x<) x e). 


e€T, x€O(R) 


For any operation x € O(R) and the unit 1,., assume that 


l. =e, Ge@::-Pe, ge ET, l<ic<s. 
Then 


€; X hy = (e; x €1) B (Ee; X €2) P--- P(E; X ej). 
Therefore, we get that 


e=exe=e and “e; <e7 = 0; for 45 7. 


That is, e;,1 <i <1 are orthogonal idempotent elements of R(x). Notice that 
R(x) = R, for some integer h. We know that e;, 1 <7 < / are orthogonal idempotent 
elements of the ring (Rp, +n, Xp). Denote by ep; for e;, 1 <i < J. Consider all units 
in R, we get that 


Si 


R= a B( R; Xi €:;) UK (e;; x; R;)). 


i=1 g=1 


This completes the proof. h 


Corollary 1.3.6 Any Artin ring (R ;+, x) is a directed sum of finite ideals, and if 
(R;+,x) has unit 1,., then 
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R= ‘ae Rie, 
i=1 
where e;,1 <i <8 are orthogonal idempotent elements of the ring (R;+, x). 


Similarly, we can also define Noether multi-rings, simple multi-rings, half-simple 
multi-rings, ---, etc. and find their algebraic structures. 


1.3.4 Multi-Vector spaces 


= k 
Definition 1.3.5 Let V = UV; be a complete multi-space with an operation set 


i=1 
7 eS k 

O(V) = {(4i,-4) | 1 < ¢ < m} and let F = U F; be a multi-filed with a double 
i=1 


operation set OG) = = {(+i, xi) |1 <i <k}. If for any integers i,j, 1< i,j <k 
and Va,b,c € V, kj, ko € F, 

(i) (V;; +i,+;) is a vector space on F; with vector additive +; and scalar multipli- 
cation -+;; 

(ii) (atib) +; = ati(b+je); 

(vit) (Ki +i ko) 7 a= hy +i (Ko -j a); 
provided these operating results exist, then V is called a multi-vector space on the 
multi-filed space F with an double operation set O(V), denoted by (V; F). 


For subsets Vi CV and F, e F, if (Vi; Fy) is also a multi-vector space, then we 
call (Vj; F,) a multi-vector subspace of (V; F’). Similar to the linear space theory, we 
get the following criterion for multi-vector subspaces. 


Theorem 1.3.13 For a multi-vector space (V;F), VC V and Fc F, (YW; F,) 
is a multi-vector subspace of (V; F’) if and only if for any vector additive +, scalar 
multiplication - in (Vi; F,) and Va,b EV, Vae F, 


a-atbeV, 


provided these operating results exist. 


kon 
Proof Denote by V= U V,,F = = U F. Notice that vA = UMVNYV;). By 
i=l 


definition, we know that GA A) isa iets subspace of (V; F ) if and only if 
for any integer 1,1 <i<k, (Vi Vi; +i, -;) is a vector subspace of (V;, +;,-;) and F, 
is a multi-filed subspace of Pp or V OV; = @. 

According to a criterion for linear subspaces of a linear space ((33]), we know 
that (ViVi; +:,-i) is a vector subspace of (V;,+;,-;) for any integer i,1 <i <k if 
and only if for Va,b € ViVi, a € F, 


QA a+;b E YVVi. 


dl 


That is, for any vector additive +, scalar multiplication-in (V,; F,) and Va,b € V, 
Va € F, if a- a+b exists, then a-atb € Vy. L 


Corollary 1.3.7 Let G Fi), (W; Fy) be two multi-vector subspaces of a multi-vector 
space (V;F). Then (U(Q\W; F\() F2) ts a multi-vector space. 


For a multi-vector space (V; F ), vectors aj, @2,°-+, An € V, if there are scalars 
Qi, Q2,°°+,Q, € F such that 


Oly +1 AY +1A2 +2 AQH+2°** +n-1An ‘n An = O, 


where O € V is a unit under an operation + in V and 4,,-; € O(V), then these 


vectors a1, a2,°-+, a, are said to be linearly dependent. Otherwise, a, a2,---, an, are 
said to be linearly independent. 
Notice that there are two cases for linearly independent vectors aj, a2,---, a, in 


a multi-vector space: 


(i) for scalars a1, @2,°-+,Qn € F, if 


Oly +1 AY +1AQ +2 AQH+2°** +n-1An ‘n An = O, 


where O is a unit of V under an operation + in O(V), then ay = 04,,02 = 
045,°°°,Qn = O4,, where 04, is the unit under the operation +,in F' for integer 
1l<i<n. 


(ii) the operating result of a, +; a;+1Q2 +2 Agt2++++n—1An *n An does not exist. 


Now for a subset 9 C V, define its linearly spanning set (3) to be 


($) ={a]a=ar-1aitiag-2art2---€ V,a; € S,0; € Fi > 1}. 


For a multi-vector space (V; F), if there exists a subset S, § CV such that V = (8), 


then we say Sisa linearly spanning set of the multi-vector space V. If these vectors 
in a linearly spanning set S of the multi-vector space V are linearly independent, 
then S is said to be a basis of V. 


Theorem 1.3.14 Any multi-vector space (V; F’) has a basis. 


Proof Assume V = U V;,,F = U F; and the basis of the vector space (Vj; +i, +i) 
is A; = {aj, aj2, °° Maes. <4 hs Define 


Then A is a linearly spanning set for V by definition. 
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If these vectors in A are linearly independent, then A is a basis of V. Otherwise, 
choose a vector b, € A and define A, = A \ {b;}. 

If we have obtained a set A,, s > 1 and it is not a basis, choose a vector b,41 € A, 
and define A,y1 = A, \ {bey}. 

If these vectors in Mey are linearly independent, then naar is a basis of V. 
Otherwise, we can define a set Nts again. Continue this process. Notice that all 
vectors in A; are linearly independent for any integer 1,1 <7 <k. Therefore, we 
can finally get a basis of V. h 

Now we consider finite-dimensional multi-vector spaces. A multi-vector space 
V is finite-dimensional if it has a finite basis. By Theorem 1.2.14, if the vector 
space (V;;+;,-;) is finite-dimensional for any integer 1,1 <i < k, then (V; F) is 
finite-dimensional. On the other hand, if there is an integer zo, 1 < io < k such that 
the vector space (Vi,;+io;*i9) iS infinite-dimensional, then (V;F’) is also infinite- 
dimensional. This enables us to get a consequence in the following. 


oe _ k s k 
Corollary 1.3.8 Let (V;F) be a multi-vector space with V = UVi,F = U F;. 

i=l i=l 
Then (V; F’) is finite-dimensional if and only if (Vi; +:,-+;) 1s finite-dimensional for 
any integer i, 1 <i<k. 


Theorem 1.3.15 For a finite-dimensional multi-vector space (V; F), any two bases 
have the same number of vectors. 


Proof Let V = U V; and F = U F;,. The proof is by the induction on k. For 


=1 
k = 1, the assertion is or by Theorem 4 of Chapter 2 in [33]. 

for the case of k = 2, notice that by a result in linearly vector spaces (see also 
[33]), for two subspaces W, W2 of a finite-dimensional vector space, if the basis of 
WW, is {a1, ao,---, a}, then the basis of W, UW, is 


{ai, a2,°°°, at, bi+1, Diy, arene Daimw, 5 Cr41, Ct42,°°°, Cdimw}; 
where, VL, aay" ar, bi41, biy2,°++, Baimw,} is a basis of W, and {aj,ao,---, az, 
Cri, Ct425° “Caine a basis of W9. 


Whee if V = W,UW>, and F = F,U Fy, then the basis of V is also 


{ai, a2,°°°, at, bias, biz, iar Daimw, > Cr41, Ct42,°°°, Caan} 


Assume the assertion is true for k = 1,1 > 2. Now we consider the case of 
k =1+ 1. In this case, since 


= UM \UVin, F = (UFO Fa. 


= 


by the induction assumption, we know that any two bases of the multi-vector space 
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l l l 
(UV;; U F;) have the same number p of vectors. If the basis of (U Vi) QVi41 is 
{e1,€2,:+:,e,}, then the basis of V is 


{e1, €2,°°*,€n, Deis fn+2; ese ahs, Sn+1, Sn42,°°°; Saeaats 
where {€1, €2,°--,€n; fn41, fr42,---, £,} is a basis of ( U V;; U F;) and {e1, €2,°-+,€n, 
En+1, En+2)°**, SdimVj,,} is a basis of Vii. Whence, ile nee of vectors in a basis 


of V is p+ dimV,,, —n for the casen =1+ 1. 

Therefore, we know the assertion is true for any integer k by the induction 
principle. h 

The cardinal number of a basis of a finite dimensional multi-vector space V is 
called its dimension, denoted by dimV. 


Theorem 1.3.16(dimensional formula) For a multi-vector space (V;F) with V = 
k fy OE Caapes 
U V; and F = U F;, the dimension dimV of V is 


i=1 i=1 


dimV = 5<(-1)! » dim(Vi (\ Via (\---()Via)- 


i=l {61 ,i2,---,t0}C{1,2,---,k} 


Proof The proof is by the induction on k. For & = 1, the formula is turn to a 
trivial case of dimV = dimV,. for k = 2, the formula is 


dimV = dimV, + dimV, — dim(V, (| dimV)), 


which is true by the proof of Theorem 1.3.15. 
Now we assume the formula is true for k = n. Consider the case of k = n+ 1. 
According to the proof of Theorem 1.3.15, we know that 


dimV = dim(( Vi) + dimV,41 — dim((U Vi) () Vins) 
i=1 U 
= dim(U Vi) + dimVis1 — dim((U (Vif) Vn41)) 
i=1 i=1 
= dimVay+ 5 (-1)! oa dim(Via (Via )---1) Via) 
i=1 {i1i2,--- 4} C{1,2,-,n} 
otal) dim(Vi (Via )--- (Vie) Vn) 
i=1 {i1,i2,--- 4} C{1,2,--,n} 
= S(-1) 2 dim(Vi (\Vi2)--- (Vii): 
i=1 {i142,--- 44} C{1,2,---,k} 
By the induction principle, we know the formula is true for any integer k. h 
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As a consequence, we get the following formula. 


Corollary 1.3.9(additive formula) For any two multi-vector spaces Vi, Ve 
dim(V, U V2) = dimV, + dimV> — dim(V, () Vo). 


§1.4 Multi-Metric Spaces 
1.4.1. Metric spaces 


A set M associated with a metric function p: M x M > Rt ={x|xe€R,x > 0} 
is called a metric space if for Va, y,z € M, the following conditions for p hold: 


(1)(definiteness) p(x,y) = 0 if and only if « = y; 

(ii)(symmetry) p(x, y) = ply, ®); 

(iii) (triangle inequality) p(x,y) + ply, z) => p(2, z). 

A metric space M with a metric function p is usually denoted by (M ;p). Any 
x,x € M is called a point of (MV ;p). A sequence {x,,} is said to be convergent to x 
if for any number ¢€ > 0 there is an integer N such that n > N implies p(an,xv) < 0, 
denoted by lim Ln = x. We have known the following result in metric spaces. 


Theorem 1.4.1 Any sequence {x,,} in a metric space has at most one limit point. 


For 29 € M and € > 0, a €-disk about 2p is defined by 


B(ao,6) ={x|x2EM,p(z,20) < €}. 


If A Cc M and there is an e-disk B(2g,¢) D> A, we say A is a bounded point set of 
M. 


Theorem 1.4.2 Any convergent sequence {x,} in a metric space is a bounded point 
set. 


Now let (/,p) be a metric space and {z,} a sequence in M. If for any number 
e > 0,€ € R, there is an integer N such that n,m > N implies p(apn,%m) < €, we 
call {x,} a Cauchy sequence. A metric space (M, p) is called to be completed if its 
every Cauchy sequence converges. 


Theorem 1.4.3. For a completed metric space (M,p), if an e-disk sequence {B,} 
satisfies 

(i) BLD BgD-:-D B,D: 

(it) lime, = 0, 


where €, > 0 and B, = { «|x € M, p(x, 2n) < €n} for any integer n,n = 1,2,---, 


then () B, only has one point. 
n=1 
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For a metric space (M,) and T': M — M a mapping on (M, p), if there exists 
a point «* € M such that 
A es 


then «* is called a fixed point of T. If there exists a constant 7,0 <1 < 1 such that 


(Tx, Ty) < np(z,y) 
for Vx,y € M, then T is called a contraction. 


Theorem 1.4.4 (Banach) Let (M,,p) be a completed metric space and let T: M > 
M be a contraction. Then T has only one fixed point. 


1.4.2. Multi-Metric spaces 


Definition 1.4.1 A multi-metric space is a union M= U M, such that each M, is 
a space with a metric p; for Vi, 1 <t1<m. = 

When we say a multi-metric space M = U M,, it means that a multi-metric 
space with metrics p1, P2,°+*, Pm Such that (Mi, om is a metric space for any integer 


i,1<2a<m. For a multi-metric space M= Mig ae M anda positive number 


i=1 
R, a R-disk B(x, R) in M is defined by 


B(x, R) ={y | there exists an integer k,1 < k <msuch that pp(y,r7) < R,y € M} 


Remark 1.4.1 The following two extremal cases are permitted in Definition 1.4.1: 


(i) there are integers i1,i2,---,i, such that M;, M; --+ = M;., where 
4-€ {1,2)--)mh 1 <9 <s: 
(ii) there are integers 1), l2,---,1, such that p,, = pi, = --- = pi,, where 1; € 


{L Oeee eta VA ps8; 
For metrics on a space, we have the following result. 


Theorem 1.4.5 Let p1, 2,--+,; Pm bem metrics on a space M and let F be a function 
on R™ such that the following conditions hold: 

(4) F(a xo52 6? Gin) S Fy dares im) for Vin <4 <n, ey Ss 

(G8) FSi, Go, ayy) = 0 only ofa Ste] Hay, =O; 

(iii) for two m-tuples (x1, %2,--+-,%m) and (yi, Y2,°°+; Ym); 


F (21, £2,°+*; 2m) + F(y1, Yo. * + Ym) & F (G1 + yi, 22 + Yor * +) Lm + Ym)- 


Then F'(p1, P2,°++;Pm) is also a metric on M. 
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Proof We only need to prove that F'(p1, ~2,-+-, Pm) satisfies those of metric 
conditions for Vz,y,z <«€ M. 

By (2), F(pi(2, y), po(@, y), °° +; Pm(2, y)) = 0 only if p;(x, y) = 0 for any integer 
zi. Since p; is a metric on M, we know that x = y. 

For any integer i, 1 <i <™m, since p; is a metric on M, we know that p;(z,y) = 
pily, x). Whence, 


F (p(x, y), Pal&,Y),°* +; Pm(2,y)) = Forly, 2), paly, £), +++, Pm(y, Z))- 


Now by (2) and (diz), we get that 


F(pi(x,y), p2(@,¥), Naa dea as ee 

> Flo o ene eae 
Therefore, F'(~1, P2,°-+, Pm) is a metric on M. h 
Corny 1.4.1 If p1, p2,--+, Pm are m metrics on a space M, then py+pot+--:-+Pm 
and ea ion pees 4 cares are also metrics on M. 


A sequence {z,} in a multi-metric space M= U M,; is said to be convergent to 


i=1 
a point x,x € M if for any number ¢€ > 0, there exist numbers N andi,1 <i<m 
such that 


pilex t) <€ 


provided n > N. If {a,} is convergent to a point z,7 € M , we denote it by 
lim i il 

We get a characteristic for convergent sequences in a multi-metric space as in 
the following. 


Theorem 1.4.6 A sequence {x,} in a multi-metric space M= U M;, 1s convergent 
if and only if there exist integers N and k,1 < k < m such that the subsequence 
{x,|n > N} is a convergent sequence in (Mx, pr). 


Proof If there exist integers N and k,1 < k < m such that {z,|n > N} isa 
convergent sequence in (M;, p,), then for any number ¢ > 0, by definition there exist 
an integer P and a point 7,2 € My, such that 


Pela) 2s & 
ifn > max{N, P}. 
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Now if {x} is a convergent sequence in the multi-space M , by definition for any 
positive number ¢ > 0, there exist a point z,x € M, natural numbers N(e) and 
integer k,1 <<k <m such that if n > N(e), then 


Pile) < &: 
That is, {z,|n > N(e)} C My and {z,|n > N(e)} is a convergent sequence in 
(Mi, pr) 
Theorem 1.4.7 Let M = U M, be a multi-metric space. For two sequences {x,}, 
{Yn} in M, iflime, = 20, ia Yn = Yo and there is an integer p such that xo, yo € Mp, 
then lim p(n; Yn) = Polo, Yo). 


Proof According to Theorem 1.4.6, there exist integers N, and Ng» such that if 
n> max{N,, No}, then np, Yn € Mp. Whence, we know that 


Po Lax ta) Ppl Tanto) + Psleo7Vo) + Po Yas Yo) 


and 


Pp( 20; Yo) S Pp(Lns Lo) + Pp(®ns Yn) + Pp(Yn+ Yo)- 


Therefore, 


Dipl Bras thes) _ Pp(Zo; Yo)| = Pp(@n; Lo) + Pp(Yns Yo): 


Now for any number € > 0, since lim Ln = Lo and lim Yn = Yo, there exist numbers 
Ni(e), Ni(e) = Ny and No(e), No(e) = No such that p,(%n,%o) < § ifn => M(e) 
and pp(Yn, Yo) < § ifn > No(e). Whence, if we choose n > max{Ni(e), No(e)}, 
then 


\Pp(@n5 Yn) — Pp(Xo; Yo)| < €. b 


Whether can a convergent sequence have more than one limiting points? The 
following result answers this question. 


Theorem 1.4.8 Jf {x,} is a convergent sequence in a multi-metric space M = 


U M;, then {x,} has only one limit point. 
‘1 


Proof According to Theorem 1.4.6, there exist integers N and i,1 <i <m such 
that 2, € M; ifn > N. Now if 


img, = 2) and lind, =". 
n n 


and n > N, by definition, 
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0 < pi(r1, 22) < pi(tn, £1) + pi(Fn, £2). 


Whence, we get that p;(21,%2) = 0. Therefore, x, = 29. h 
Theorem 1.4.9 Any convergent sequence in a multi-metric space is a bounded points 
set. 

Proof According to Theorem 1.4.8, we obtain this result immediately. h 


A sequence {z,,} in a multi-metric space M= U M; is called a Cauchy sequence 


if for any number e > 0, there exist integers N(e % snl s,l <s < m such that for 
any integers m,n > N(e€ ), Pla) Ae. 


Theorem 1.4.10 A Cauchy sequence {x,} in a multi-metric space M= U M; ts 


convergent if and only if |{an}M,| is finite or infinite but {r,}1 My is sonnenewnl 
in (My, pr) for Vk, 1<k<m. 


Proof The necessity of these conditions in this theorem is known by Theorem 
1.4.6. 

Now we prove the sufficiency. By definition, there exist integers s,1 < 5s < 
m and N, such that xz, € M, if n > N,. Whence, if |{z,}()M;,| is infinite 
and lim{2n} Mr = «x, then there must be k = s. Denote by {a,}Q Mr = 
{©p1, ee }. 

For any positive number ¢€ > 0, there exists an integer No, No > N, such that 
Pr(LmsXn) < 5 and pp(Lkn, 2) < § ifm,n > No. According to Theorem 1.4.7, we 
get that 


Pella, 2X) S Pell; Ven) PH pallens Z) <-€ 
if n > No. Whence, lim ay eis h 


A multi-metric space M is said to be completed if its every Cauchy sequence is 
convergent. For a completed multi-metric space, we obtain two important results 
similar to Theorems 1.4.3 and 1.4.4 in metric spaces. 


Theorem 1.4.11 Let M = U M;, be a completed multi-metric space. For an €-disk 


i=1 
sequence {B(€n,2n)}, where €&, > 0 for n = 1,2,3,---, if the following conditions 
hold: 
(i) Ble,21) D Ble2,t2) D B(e3, 23) D +++ D Bl€n, Xn) D+ +35 
(i2) tim en = 0, 


+00 
then () Bl€n,%n) only has one point. 


n=1 


Proof First, we prove that the sequence {z,,} is a Cauchy sequence in M. By the 
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condition (7), we know that if m > n, then zm € Blém,%m) C Blén, fn). Whence 
PilLm,En) < €, provided tm,%y € M; for Vi, 1 <i<m. 
Now for any positive number e, since lim €, = 0, there exists an integer N(e) 


such that ifn > N(e), then €, < ¢«. Therefore, if x, € M, then lim aie 


Thereby there exists an integer N such that if m > N, then x, € M, by Theorem 
1.4.6. Choice integers m,n > max{N, N(e)}, we know that 


Di Bete) Oey. ee 


So {xp} is a Cauchy sequence. 
By the assumption that M is completed, we know that the sequence {x,} is 
convergent to a point 7,2 € M. By conditions of (i) and (zi), we get that 


+00 
pi(Xo,2n) < €n if m — +00. Whence, xo € 1) BlEn, Zn). 
n=1 


+00 
Now if there is a point y € () Blén, 2%), then there must be y € M;. We get 
n=1 
that 


0< ply, to) = lim ply, tn) < lim & = 0 


by Theorem 1.4.7. Therefore, p(y, 29) = 0. By the definition of a metric function, 
we get that y = Zo. h _ _ 

Let My and Mp be two multi-metric spaces and let f : M, — M2 be a mapping, 
xo € Mi, f(xo) = yo. For Ve > 0, if there exists a number 6 such that f(x) = y € 


Ble, yo) C Me for Vx € B(6, Xo), ie., 


f(BS, o)) Cc Bre, Yo): 


then we say that f is continuous at point xo. A mapping f : Moos My is called a 
continuous mapping from M, to M2 if f is continuous at every point of M;. 

_ For a continuous mapping f from M; to M2 and a convergent sequence {x,} in 
M,, lim Ln = Xo, we can prove that 


lim f (0) = f(20). 


For a multi-metric space M = U M; and a mapping T : M-= M, if there is 
i=1 


a point x* € M such that Tx* = 2*, then x* is called a fixed point of T. Denote 
the number of fixed points of a mapping T’ in M by #(T). A mapping T is called 
a contraction on a multi-metric space M if there are a constant a,0 < a < 1 and 
integers 7,j,1 <7,7 <m such that for Vz,y € M;, Tx, Ty € M; and 


(Tx, Ty) < ap;(x, y). 
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Theorem 1.4.12 Let M = U M, be a completed multi-metric space and let T’ be a 
j=1 


= 


contraction on M. Then 
1 <*# ®(T) <m. 
Proof Choose arbitrary points 270, yo € M, and define recursively 


Ln4+1 = TDig Yn+1 = Dery 


for n = 1,2,3,---. By definition, we know that for any integer n,n > 1, there exists 
an integer 7,1 <7 <m such that 2p, Yn € M;. Whence, we inductively get that 


0 < pi(@n, Yn) < a" p1(Lo, Yo)- 
Notice that 0 < a < 1, we know that lim a” = 0. Thereby there exists an 


integer % such that 


Pio (lim Cie lim Os 


Therefore, there exists an integer N; such that tp, yn € M;, ifn > Ni. Now if 
n > Ny, we get that 


Pio (Baas De) = Pio ee Pte et) 
AXPio (Zn, Ln—1) = APio (Paya. T2n-2) 


2” pig(Zn—1, En-2) < ++ Sa", (tN, 41, EN, )- 


IA IA 


and generally, form >n > Nj, 


Pig (Ln, Ln41) + Pio Ln41; Unt2) + +++ + Pig(Ln—-1; Xn) 


(a gis aes OQ”) Pig (ZN, +41, EN, ) 
n 


a 
S poly, s1,2m,) > 0(m,n > +00). 


Pio (Lm, Ln) 


Therefore, {z,,} is a Cauchy sequence in M. Similarly, we can also prove {Yn} isa 
Cauchy sequence. 
Because M is a completed multi-metric space, we know that 


lim Ll, = lim w= s. 
Now we prove z* is a fixed point of T in M. In fact, by Pin (lim xn, lim Ua) = 0; 


there exists an integer N such that 


Al 


Hig | ee ee 
ifn > N+1. Whence, we know that 


O< Pio (23 Fz") Pig (2, Ln) T Pio (Yn, TZ") ae Pio (fn, Yn) 


S 
< Pale; a) Tr APio Case a) oh Pio as ele 


Notice that 


im Pio (25 En) = im Pio (Yn—15 z) = lim Pio (a, Yn) =0. 


We get pz (2*, L2") =0, Le, P2* = 2". 
For other chosen points ug, Vp € M1, we can also define recursively 


ta Si, Vea St Ue, 


and get a limiting point lim = lim Un, = u* € M,,,Tu* € M,,. Since 


Dig”) = Pill fe ) < pines u") 


and 0 < a < 1, there must be z* = u*. 
Similarly consider the points in M;,2 <i< m, we get that 


1 <* O(T) <m. b 


As a consequence, we get the Banach theorem in metric spaces. 


Corollary 1.4.2(Banach) Let M be a metric space and let T be a contraction on 
M. Then T has just one fixed point. 


§1.5 Remarks and Open Problems 


The central idea of Smarandache multi-spaces is to combine different fields (spaces, 
systems, objects, ---) into a unifying field and find its behaviors. Which is entirely 
new, also an application of combinatorial approaches to classical mathematics but 
more important than combinatorics itself. This idea arouses us to think why an 
assertion is true or not in classical mathematics. Then combine an assertion with its 
non-assertion and enlarge the filed of truths. A famous fable says that each theorem 
in mathematics is an absolute truth. But we do not think so. Our thinking is that 
each theorem in mathematics is just a relative truth. Thereby we can establish new 
theorems and present new problems boundless in mathematics. Results obtained in 
Section 1.3 and 1.4 are applications of this idea to these groups, rings, vector spaces 
or metric spaces. Certainly, more and more multi-spaces and their good behaviors 
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can be found under this thinking. Here we present some remarks and open problems 
for multi-spaces. 


1.5.1. Algebraic Multi-Spaces The algebraic multi-spaces are discrete repre- 
sentations for phenomena in the natural world. They maybe completed or not in 
cases. For a completed algebraic multi-space, it is a reflection of an equilibrium phe- 
nomenon. Otherwise, a reflection of a non-equilibrium phenomenon. Whence, more 
consideration should be done for algebraic multi-spaces, especially, by an analogous 
thinking as in classical algebra. 


Problem 1.5.1 Establish a decomposition theory for multi-groups. 
In group theory, we know the following decomposition result([107]|82]) for groups. 


Let G be a finite Q-group. Then G can be uniquely decomposed as a direct product 
of finite non-decomposition Q-subgroups. 


Each finite abelian group is a direct product of its Sylow p-subgroups. 
Then Problem 1.5.1 can be restated as follows. 


Whether can we establish a decomposition theory for multi-groups similar to the 
above two results in group theory, especially, for finite multi-groups? 


Problem 1.5.2 Define the conception of simple multi-groups. For finite multi- 
groups, whether can we find all simple multi-groups? 


For finite groups, we know that there are four simple group classes ([{108]): 
Class 1: the cyclic groups of prime order; 

Class 2: the alternating groups A,,n > 5; 

Class 3: the 16 groups of Lie types; 

Class 4: the 26 sporadic simple groups. 


Problem 1.5.3 Determine the structure properties of multi-groups generated by 
finite elements. 


For a subset A of a multi-group G, define its spanning set by 


(A) = {ao bla,b € A ando € O(G)}. 


If there exists a subset A C G such that G = (A), then call G is generated by A. 
Call G is finitely generated if there exist a finite set A such that G = (A). Then 
Problem 5.3 can be restated by 


Can we establish a finite generated multi-group theory similar to the finite gen- 
erated group theory? 


Problem 1.5.4 Determine the structure of a Noether multi-ring. 
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Let R be a ring. Call R a Noether ring if its every ideal chain only has finite 
terms. Similarly, for a multi-ring R, if its every multi-ideal chain only has finite 
terms, it is called a Noether multi-ring. Whether can we find its structures similar 
to Corollary 1.3.5 and Theorem 1.3.12? 


Problem 1.5.5 Similar to ring theory, define a Jacobson or Brown-McCoy radical 
for multi-rings and determine their contribution to multi-rings. 


Notice that Theorem 1.3.14 has told us there is a similar linear theory for multi- 
vector spaces, but the situation is more complex. 


Problem 1.5.6 Similar to linear spaces, define linear transformations on multi- 
vector spaces. Can we establish a matrix theory for these linear transformations? 


Problem 1.5.7 Whether a multi-vector space must be a linear space? 
Conjecture 1.5.1 There are non-linear multi-vector spaces in multi-vector spaces. 


Based on Conjecture 1.5.1, there is a fundamental problem for multi-vector 
spaces. 
Problem 1.5.8 Can we apply multi-vector spaces to non-linear spaces? 


1.5.2. Multi-Metric Spaces On a tradition notion, only one metric maybe con- 
sidered in a space to ensure the same on all the time and on all the situation. 
Essentially, this notion is based on an assumption that all spaces are homogeneous. 
In fact, it is not true in general. 

Multi-metric spaces can be used to simplify or beautify geometrical figures and 
algebraic equations. For an explanation, an example is shown in Fig.1.3, in where 
the left elliptic curve is transformed to the right circle by changing the metric along 
x, y-axes and an elliptic equation 


2? ae 
a RP 
to equation 
e+yar? 


of a circle of radius r. 
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Fig,1.3 


Generally, in a multi-metric space, we can simplify a polynomial similar to the 
approach used in the projective geometry. Whether this approach can be contributed 
to mathematics with metrics? 

Problem 1.5.9 Choose suitable metrics to simplify the equations of surfaces or 
curves in R3. 


Problem 1.5.10 Choose suitable metrics to simplify the knot problem. Whether can 
it be used for classifying 3-dimensional manifolds? 


Problem 1.5.11 Construct multi-metric spaces or non-linear spaces by Banach 
spaces. Simplify equations or problems to linear problems. 


1.5.3. Multi-Operation Systems By a complete Smarandache multi-space A with 
an operation set O(A), we can get a multi-operation system A. For example, if A is 


a multi-field F = U F, with an operation set O(F) = {(+;, x;)| 1 <i <n}, then 
i=l 


(F; as Fe cee a) (A X11, %2,° 7", Xn) and (F; (+11, x1), (+2, Xo), a ee Crs a) 
are multi-operation systems. On this view, the classical operation system (R ; +) 
and (R ; x) are only sole operation systems. For a multi-operation system A, we can 
define these conceptions of equality and inequality, ---, etc.. For example, in the 
multi-operation system (F; +1,+2,°-+,-+n), we define the equalities =1,=9,---,=n 
such as those in sole operation systems (F; +1), (F; +o),00°, (F; +n), for example, 
2 =, 2,1.4 =. 1.4,---,/3 =, V3 which is the same as the usual meaning and 
similarly, for the conceptions >), >2,---, >, and <1, <9,--+, <n. 
In a classical operation system (R ;+), the equation system 


2+4+6 = 15 
Lees a0: S12 
14+44+7 = 13 
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can not has a solution. But in the multi-operation system (F; +1,+2,°+-,+n), the 
equation system 


may have a solution x if 


Loi (=) a (<4) (16) = 12 469'(=1) 49 (—3) +2. (6 
13-3 (—1)+3(—4) +3 (-— 9 
in (F >+1,+2,°::,+n). Whence, an element maybe have different disguises in a 


multi-operation system. 
For the multi-operation systems, a number of open problems needs to research 
further. 


Problem 1.5.12 Find necessary and sufficient conditions for a multi-operation 
system with more than 3 operations to be the rational number field Q, the real number 
field R or the complex number field C. 


For a multi-operation system (NV ; (+1, <1), (+2, X2),°+°,(4n; Xn)) and integers 
a,b,c € N, ifa = bx; c for an integer 7,1 <7 <n, then 6 and © are called factors 
of a. An integer p is called a prime if there exist integers nj,n2 andi,l <<i<n 
such that p = ny, X; Ng, then p = n, or p = ng. Two problems for primes of a 
multi-operation system (N ; (+1, x1), (+2, X2),-++,(4n, Xn)) are presented in the 
following. 


Problem 1.5.13 For a positive real number x, denote by 1 »(x) the number of 
primes < x in (N 3 (41, X1), (42, X2),°°°, (4n; Xn)). Determine or estimate T(x). 
Notice that for the positive integer system, by a well-known theorem, i.e., Gauss 
prime theorem, we have known that([{15]) 
x 


Problem 1.5.14 Find the additive number properties for (N ; (+1, X1), (+2, X2),°°°; 
(+n; Xn)), for example, we have weakly forms for Goldbach’s conjecture and Fermat’s 
problem (|34]) as follows. 


Conjecture 1.5.2 For any even integer n,n > 4, there exist odd primes p,,p2 and 
an integer 1,1 <a<n such that n = p, +; po. 
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Conjecture 1.5.3 For any positive integer q, the Diophantine equation 74+ y!% = z4 
has non-trivial integer solutions (x,y, z) at least for an operation +; with1 <i<n. 


A Smarandache n-structure on a set S means a weak structure {w(0)} on S such 
that there exists a chain of proper subsets P(n — 1) C P(n-—2) C---C P(A) CS 
whose corresponding structures verify the inverse chain {w(n — 1)} D {w(n—2)} Dd 
--+ > {w(1)} D {w(0)}, ie., structures satisfying more axioms. 


Problem 1.5.15 For Smarandache multi-structures, solves these Problems 1.5.1 — 
1.5.8. 


1.5.4. Multi-Manifolds Manifolds are important objects in topology, Riemann 

geometry and modern mechanics. It can be seen as a local generalization of Euclid 

spaces. By the Smarandache’s notion, we can also define multi-manifolds. To de- 

termine their behaviors or structure properties will useful for modern mathematics. 
In an Euclid space R”, an n-ball of radius r is defined by 


B"(r) = {(21,%2,+++,@n)|e4 ae + aos fg < Tr 
Now we choose m n-balls B?(r1), BS (r2),---,B" (tm), where for any integers 
i,j,1<i,7 <m, Bers) A BF (r;) = or not and r; = 7; or not. An n-multi-ball is a 
union 


Then an n-multi-manifold is a Hausdorff space with each point in this space has a 
neighborhood homeomorphic to an n-multi-ball. 


Problem 1.5.16 For an integer n,n > 2, classifies n-multi-manifolds. Especially, 
classifies 2-multi-manifolds. 


For closed 2-manifolds, i.e., locally orientable surfaces, we have known a classi- 
fication theorem for them. 


Problem 1.5.17 Jf we replace the word homeomorphic by points equivalent or iso- 
morphic, what can we obtain for n-multi-manifolds? Can we classify them? 


Similarly, we can also define differential multi-manifolds and consider their con- 
tributions to modern differential geometry, Riemann geometry or modern mechanics, 
-+, etc.. 


AT 


